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We study a 3-level quantum dot in the singly occupied cotunneling regime coupled via a generic
tunneling matrix to several multi-channel leads in equilibrium or nonequilibrium. Denoting the
three possible states of the quantum dot by the quark flavors up (u), down (d) and strange (s), we
derive an effective model where also each reservoir has three flavors labelled by u, d and s with an
effective density of states polarized w.r.t. an eight-dimensional F -spin corresponding to the eight
generators of SU(3). In equilibrium we perform a standard poor man scaling analysis and show
that tunneling via virtual intermediate states induces flavor fluctuations on the dot which become
SU(3)-symmetric at a characteristic and exponentially small low-energy scale TK . Close to TK
the system is described by a single isotropic Kondo coupling J > 0 diverging at TK . Using the
numerical renormalization group (NRG) we study in detail the linear conductance and confirm the
SU(3)-symmetric Kondo fixed point with universal conductance G = 3 sin2(π/3) e
2
h
= 2.25 e
2
h
for
various tunneling setups by tuning the level spacings on the dot. We also identify regions of the level
positions where the SU(2)-Kondo fixed point is obtained and find a rather complex dependence of
the various Kondo temperatures as function of the gate voltage and the tunneling couplings. In
contrast to the equilibrium case, we find in nonequilibrium that the fixed point model is not SU(3)-
symmetric but characterized by rotated F -spins for each reservoir with total vanishing sum. At
large voltage we analyse the F -spin magnetization and the current in golden rule as function of a
longitudinal (hz) and perpendicular (h⊥) magnetic field for the isospin and the level spacing ∆ to
the strange quark. As a smoking gun to detect the nonequilibrium fixed point we find that the curve
of zero F -spin magnetization in (hz, h⊥,∆)-space is a circle when projected onto the (hz, h⊥) plane.
We propose that our findings can be generalized to the case of quantum dots with an arbitrary
number N of levels.
PACS numbers: 05.60.Gg, 72.10.Bg, 73.23.-b,73.63.Kv
I. INTRODUCTION
Over the last three decades transport properties of cor-
related quantum dots have gained an enormous interest
in many experimental and theoretical research activities
in condensed matter physics. As artificial atoms they
allow for a controlled study of interesting phenomena
playing a central role in many different fields of applied
and fundamental research in nanoelectronics, spintron-
ics, quantum information processing, dissipative quan-
tum mechanics, and many-body physics and nonequilib-
rium phenomena in correlated systems, see e.g. Refs. 1,2
for reviews. Of particular interest is the cotunneling or
Coulomb blockade regime of quantum dots with strong
charging energy, where the charge is fixed and only the
spin and orbital degrees of freedom can fluctuate by
second-order tunneling processes via virtual intermedi-
ate states. In this regime effective models can be de-
rived which are equivalent to Kondo models well-known
from solid state physics3, see e.g. Ref. 4 for a review
of the Kondo effect in quantum dots. The standard
model is the SU(2)-Kondo model, where a local spin-
1
2 is coupled via an isotropic exchange coupling to the
spins of two large reservoirs. Below a characteristic low
energy scale, called the Kondo temperature TK , the local
spin is completely screened and the remaining potential
scattering leads to resonant transport through the sys-
tem with universal conductance 2 e
2
h . This Kondo effect
has been theoretically predicted for quantum dots5 and
has been experimentally observed6. After this discov-
ery the research for Kondo physics in quantum dots has
gained an enormous interest and further realizations have
been proposed and observed, like e.g. the realization of
higher spin values7, singlett-triplett fluctuations9, non-
Fermi liquid behaviour in 2-channel realizations8, and
the SU(4)-Kondo effect10. Recently, also the realization
of SU(N)-Kondo physics for arbitrary N has been pro-
posed in coupled quantum dots11–13.
The enormous variety of possible realizations of Kondo
physics raises the question what happens in the generic
case when a quantum dot in the regime of fixed charge
with Ndot ≥ 1 electrons and N ≥ 2 levels is coupled
via a generic tunneling matrix to several multi-channel
reservoirs. Even for the simplest case Ndot = 1 and
N = 2, this issue is nontrivial since the quantum number
l = 1, 2 labelling the two dot levels is in general a non-
conserved quantity in tunneling, like e.g. for ferromag-
netic leads14, orbital degrees of freedom15, Aharonov-
Bohm geometries16, and spin-orbit or Dzyaloshinski-
Moriya interactions17,18. In Ref. 16 it was shown via a
2singular value decomposition of the total tunneling ma-
trix (i.e. containing all reservoirs) that all these different
cases can be mapped onto an effective model which is
equivalent to the anisotropic spin- 12 Kondo model which
flows into the isotropic SU(2)-symmetric fixed point at
low energies below the Kondo temperature. This ex-
plains why in all linear response transport calculations
of quantum dot models with Ndot = 1 and N = 2, the
Kondo effect with universal conductance is observed pro-
vided that local effective magnetic fields are explicitly
cancelled by external ones19. However, this result is only
valid in the linear response regime and for proportional
couplings to all the reservoirs where the linear conduc-
tance can be related to the equilibrium spectral density
of the dot20. To calculate the latter all reservoirs can
be taken together to a single one and only the total tun-
neling matrix matters. However, when all reservoirs are
coupled in a generic way to the dot or when they are
characterized by different temperatures or chemical po-
tentials, the analysis of Ref. 16 is no longer valid. This
fact was emphasized in Ref. 21, where it was shown that
in a generic nonequilibrium situation, the proper effec-
tive model for Ndot = 1 and N = 2 is a spin-valve
model, where the spin polarizations of all reservoirs point
in different directions, such that at the low-energy fixed
point their sum is equal to zero. This has the con-
sequence that the fixed point model in nonequilibrium
is essentially not SU(2)-symmetric and new interesting
nonequilibrium fixed point models emerge with different
non-Kondo like properties in the weak as well as in the
strong coupling regime. Only in the equilibrium situa-
tion when all reservoirs are characterized by the same
temperature and chemical potential, all reservoirs can be
taken together resulting in an unpolarized reservoir with
SU(2)-symmetry at the fixed point. The nonequilib-
rium properties at and away from the fixed point model
have been studied for large voltages above the Kondo
temperature21 and a smoking gun was identified in the
nontrivial magnetic field dependence of the magnetiza-
tion and the transport current characterizing the fixed
point model.
The proposals of new nonequilibrium fixed point mod-
els are of particular interest for the constant effort to gen-
eralize well-established analytical and numerical meth-
ods for the study of equilibrium properties of quantum
impurity models3,22 to the nonequilibrium case. Re-
cent developments of perturbative renormalization group
methods23–26 have shown how the voltage dependence
and the physics of cutoff scales by decay rates can be
implemented27 and how the time evolution into the sta-
tionary state can be calculated28. Even in the strong cou-
pling regime29,30 results in agreement with experiments31
were obtained, although the used methods are essen-
tially perturbative and not capable of describing the
strong coupling regime in general. Therefore, numer-
ically exact methods are required for the description
of quantum dot systems in nonequilibrium, like e.g.
the time-dependent numerical renormalization group32,
time-dependent density matrix renormalization group33,
iterative stochastic path integrals34, and quantum Monte
Carlo methods35. Recently, a promosing thermofield ap-
proach has been suggested by a combination of TD-NRG
and TD-DMRG36 showing a good agreement with the
strong coupling results for the nonequilibrium Kondo
model of Rfs. 29–31.
The aim of the present paper is to analyse the generic
case Ndot = 1 and arbitrary N to see how the results of
Ref. 21 can be generalized to the case N > 2. In partic-
ular we will study the case N = 3 and, starting from a
generic tunneling matrix, will show that an effective tun-
neling model can be derived where also the reservoirs are
characterized by three flavors which we will conveniently
label by the up (u), down (d), and strange (s) quark fla-
vors. The effective model in the cotunneling regime of
a singly occupied quantum dot can be described by fla-
vor fluctuations and we will show by a poor man scaling
analysis that the low-energy fixed point model is indeed
the SU(3)-symmetric Kondo model. This result is shown
to hold also for arbitrary N within the poor man scal-
ing analysis and will be explicitly confirmed for N = 3
by a numerically exact NRG analysis for the linear re-
sponse conductance, similiar to Rfs. 12,13. In addition
to these references we will study the dependence of the
SU(3)-Kondo temperature on the tunneling matrix ele-
ments and will show how the SU(3)-symmetric point is
obtained by a proper adjustment of the level spacings
of the dot. Subsequently, we will analyse the nonequi-
librium situation and generalize the spin-valve model of
Ref. 21 forN = 2 to the case of three levelsN = 3. In this
case a fixed point model arises where the reservoirs are
characterized by eight-dimensional F -spins correspond-
ing to the eight generators of the SU(3)-group which
cancel when all reservoirs are taken together. For large
voltages and two reservoirs we find that the nonequilib-
rium fixed point model has a characteristic dependence
on the dot parameters for zero F -spin magnetization on
the dot providing a smoking gun for the detection of the
fixed point. Thus we conclude that the results of Ref. 21
can indeed be generalized to the case of N > 2 levels
with a great potential for a variety of new interesting
nonequilibrium fixed point models where the low-energy
behaviour in the strong coupling regime is still unknown.
The paper is organized as follows. In Section II we will
derive various effective models. We will set up effective
tunneling models in Section IIA and the effective model
in the cotunneling regime in Section II B. The fixed point
model is obtained via a poor man scaling analysis in Sec-
tion II C for arbitrary N . In Section IID we consider the
particular case N = 3 and will set up the relation to the
representation of the SU(3)-group and the physical pic-
ture in terms of F -spin interactions. In Section III we will
use the NRG method to confirm the SU(3)-symmetric
fixed point model in the linear response regime. Finally,
in Section IV we analyse the nonequilibrium properties
of the fixed point model in the perturbative regime of
large voltage via a golden rule approach. The general
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FIG. 1: (Color online) Sketch of the effective model of two
F -spin polarized leads α = L,R coupled to a 3-level quan-
tum dot via flavor-conserving tunneling rates ΓL,R = xL,RΓ.
µL,R = ±eV/2 denote the chemical potentials of the leads
with eight-dimensional F -spins f
L,R
characterized by an
isospin polarization pL,R and hypercharge polarization qL,R.
~h = (~h⊥, hz) with ~h⊥ = (hx, hy) denotes the magnetic field
acting on the two isospin dot levels (up and down quark),
and ∆ is the level spacing between the strange quark and the
average of the two isospin levels.
formulas are derived in Section IVA and the magnetiza-
tion and the current are calculated as function of char-
acteristic dot parameters for the case of two reservoirs in
Section IVB where the smoking gun for the detection of
the fixed point model is derived. We close with a sum-
mary of our results in Section V. We use units e = ~ = 1
throughout this paper.
II. DERIVATION OF EFFECTIVE MODELS
In this section we start from a quantum dot withN lev-
els coupled via a generic tunneling matrix to Nres multi-
channel noninteracting reservoirs in grandcanonical equi-
librium. We show in Subsection IIA that this model is
equivalent to an effective one where the number of chan-
nels in each reservoir is the same as the number N of
the quantum dot levels. For the special case of N = 3
this sets the basis to use a notation in terms of three
flavor states for the three channels and to characterize
the reservoirs by rotated F -spins with a certain isospin
and hypercharge polarization. In addition we will set
up various effective tunneling models and characterize
the properties of the central fixed point model derived in
Sections II B-IID for the cotunneling regime, where the
number Ndot of particles on the dot is fixed to Ndot = 1,
such that only flavor fluctuations via virtual intermediate
states can occur. In this regime we will derive an effec-
tive model describing flavor fluctuations and propose the
fixed point model from a poor man scaling analysis.
A. Effective tunneling models
The starting point is a quantum dot consisting of
N levels characterized by some quantum number l =
1, 2, . . . , N , together with a Coulomb energy ENdot de-
pending only on the total particle number operator
Ndot =
∑
l c
†
l cl of the dot
Hdot =
∑
ll′
hll′c
†
l cl′ + ENdot , (1)
ENdot = EC(Ndot − nx)2 , (2)
where c†l /cl are the creation/annihilation operators of the
single-particle states of the dot. The charging energy Ec
is assumed to be the largest energy scale in the problem
such that, for small hl, the parameter nx determines the
occupation of the dot. If nx = n is integer, the ground
state will be dominated by Ndot = n, whereas for half-
integer nx = n+
1
2 , states with Ndot = n, n+1 are degen-
erate w.r.t. the Coulomb interaction. For convenience we
define the gate voltage by
Vg = Ec(2nx −N) , (3)
such that Vg = 0 (or nx = N/2) defines the particle-hole
symmetric point for hll′ = 0. With this definition we can
also write the dot Hamiltonian in second quantized form
as
Hdot =
∑
ll′
h˜ll′c
†
l cl′ +
U
2
∑
ll′
c†l c
†
l′cl′cl , (4)
with U = 2Ec and h˜ll′ = hll′ − (Vg + (U/2)(N − 1))δll′ .
The quantum dot is coupled via a generic tunnel-
ing matrix to several infinitely large reservoirs α =
1, 2, . . . , Nres kept at grandcanonical equilibrium with
temperature T and chemical potential µα, such that the
total Hamiltonian reads
Htot = Hdot + Hres + HT , (5)
with the reservoir Hamiltonian
Hres =
∑
αναk
ǫαναk a
†
αναk
aαναk , (6)
and the tunneling Hamiltonian
HT =
1√
ρ(0)
∑
αναlk
{
tαναla
†
αναk
cl + (t
α
ναl)
∗c†l aαναk
}
.
(7)
Here, να = 1, 2, . . . , Nα is the channel index for reser-
voir α (with Nα channels in total), ǫαναk is the band
dispersion of reservoir α for channel να relative to the
chemical potential µα and labelled by k (which becomes
continuous in the thermodynamic limit), and tαναl is the
tunneling matrix between the dot and reservoir α. ρ(0)
4is some average density of states (d.o.s.) in the reser-
voirs, which is set to ρ(0) = 1 in the following defining
the energy units. In vector-matrix notation, the tunnel-
ing Hamiltonian can be written in a more compact form
as
HT =
∑
αk
{
a†αk tα c + c
† t†
α
aαk
}
, (8)
where c† = (c†1, . . . , c
†
N ), a
†
αk = (a
†
α1k, . . . , a
†
αNαk
), and
t
α
is a Nα × N -matrix with matrix elements tαναl. For
convenience we have taken here a tunneling matrix inde-
pendent of k which is usually a very good approximation
for rather flat reservoir bands on the scale of the low
energy scales of interest.
Using Keldysh formalism it is straightforward20,37 to
relate the stationary current Iανα in reservoir α and chan-
nel να to the stationary nonequilibrium greater/lesser
Green’s functions G
≷
ll′ (ω) of the dot via
Iανα =
e
h
∫
dωTrΓ
ανα
{
(1− fα(ω)) iG<(ω)+
+ fα(ω) iG
>(ω)
}
, (9)
where Tr denotes the trace over the single-particle states
of the dot, fα(ω) = (e
β(ω−µα)+1)−1 is the Fermi function
of reservoir α, and the N ×N -hybridization matrix Γ
ανα
is defined by
(Γ
ανα
)ll′ = 2πρανα(t
α
ναl)
∗tαναl′ . (10)
Here, ρανα =
∑
k δ(ω−ǫαναk) denotes the d.o.s. in reser-
voir α for channel να, which is assumed to be rather
flat so that the energy dependence can be neglected.
The influence of the reservoirs and the tunneling on the
Green’s functions is determined by the reservoir part of
the lesser/greater self-energy given by
Σ<
res
(ω) = i
∑
α
fα(ω)Γα , (11)
Σ>
res
(ω) = −i
∑
α
(1 − fα(ω))Γα , (12)
where
Γ
α
=
∑
να
Γ
ανα
= 2π t†
α
ρ
α
t
α
(13)
is the hybridization matrix for reservoir α including all
channels and (ρ
α
)ναν′α = δναν′αρανα is the diagonal ma-
trix for the d.o.s. of reservoir α. As a consequence
we see that the Green’s functions depend on the reser-
voirs and the tunneling matrix only via the hybridiza-
tion matrices Γ
α
of all the reservoirs. Thus, two models
with the same hybridization matrices give exactly the
same Green’s functions. Once the Green’s functions are
known, the channel-resolved currents Iανα can be cal-
culated from (9), where the channel-resolved hybridiza-
tion matrix Γ
ανα
of the concrete model under consid-
eration has to be inserted. The stationary expectation
values of single-particle operators of the dot can be di-
rectly calculated from the lesser Green’s functions via
〈c†l′cl〉 = 12pii
∫
dωG<ll′(ω) and thus are exactly the same
for two models with the same hybridization matrices Γ
α
.
We note that for the equilibrium case, where all Fermi
functions of the reservoirs are the same, the reservoir
self-energies involve only the total hybridization matrix
Γ =
∑
α
Γ
α
, (14)
with the result that the equilibrium Green’s functions are
the same for two models with the same Γ. However, the
current in linear response can not be related to the single-
particle Green’s functions in equilibrium via (9) since also
the Green’s functions have to be expanded in the volt-
ages. A special case is the one of proportional couplings
where it is assumed that Γ
α
= xαΓ with
∑
α xα = 1. Us-
ing current conservation
∑
α Iα = 0, with Iα =
∑
να
Iανα
denoting the total current in reservoir α, we get in this
case from (9) the Landauer-Bu¨ttiker type formula20
Iα =
e
h
∑
β 6=α
∫
dω Tαβ(ω)(fα − fβ)(ω) , (15)
with the transmission probability
Tαβ(ω) = 2π xαxβTrΓ ρ(ω) , (16)
where ρ(ω) = i2pi (G
R − GA)(ω) is the spectral density
on the dot. From this formula one can see that in linear
response, where (fα − fβ)(ω) ≈ −f ′(ω)(µα − µβ), one
needs only the spectral density in equilibrium and, with
µα = −eVα, the current can be written as
Iα =
∑
β
Gαβ(Vβ − Vα) , (17)
with the conductance tensor
Gαβ = −e
2
h
∫
dω Tαβ(ω) f
′(ω) . (18)
With the knowledge that the hybridization matrices Γ
α
are the only input we need to characterize the reservoirs
and the tunneling matrix, we can now proceed to define
effective models with the same hybridization matrices.
Since Γ
α
is a positive definite hermitian matrix, we can
diagonalize it with a unitary matrix U
α
Γ
α
= U
α
Γd
α
U †
α
(19)
where (Γd
α
)ll′ = δll′Γαl is a diagonal matrix with posi-
tive eigenvalues Γαl = 2πt
2
αl > 0. We exclude here the
exotic case that one of the eigenvalues Γαl is zero since
this would mean that one of the reservoir channels ef-
fectively decouples from the system. Following Ref. 21,
we can write the hybridization matrix in two equivalent
5forms by shifting the whole information either to an ef-
fective tunneling matrix or to an effective d.o.s. of the
reservoirs. In the first case we introduce an effective tun-
neling matrix teff
α
by
(teff
α
)ll′ = tαl(U
†
α
)ll′ , (20)
and get
Γ
α
= 2π (teff
α
)† teff
α
. (21)
Since teff
α
is a N ×N -matrix this effective model consists
of reservoirs which have exactly the same number N of
channels as we have levels on the dot, i.e. the quantum
number on the dot is also the quantum number labelling
the channels in the effective reservoirs but this quantum
number is in general not conserved by tunneling. Com-
paring (21) to (13), we see that the effective d.o.s. in the
reservoirs is unity, i.e. we consider unpolarized reservoirs.
In the second case, we define an effective d.o.s. ρeff
α
in
reservoir α by
ρeff
α
= N U
α
(Γd
α
/Γα)U
†
α
, (22)
with Γα =
∑
l Γαl. Defining an average tunneling matrix
element tα > 0 by t
2
α =
1
N
∑
l t
2
αl, we can then write the
hybridization matrix as
Γ
α
= 2πt2α ρ
eff
α
. (23)
In this case the effective tunneling matrix is proportional
to unity, the tunneling conserves the flavor and is flavor-
independent. In contrast, the effective d.o.s. contains the
whole nontrivial information of the hybridization matrix
and describes a unitary transformation of the diagonal
matrix N Γd
α
/Γα. The latter matrix can be decomposed
in a basis of all diagonal matrices and the coefficients can
be interpreted as physical parameters characterizing the
effective reservoirs. Using TrΓd
α
= Γα we get for N = 2
2Γd
α
/Γα = 12 + pασz , (24)
where σz is the Pauli matrix in z-direction and pα de-
scribes the spin polarization in reservoir α. Since the
matrix has only positive diagonal elements we get the
condition −1 < pα < 1. If one orders the eigenvalues
according to Γα1 ≥ Γα2 one gets 0 < pα < 1.
For N = 3 we obtain
3 Γd
α
/Γα = 13 + pαλ3 +
qα√
3
λ
8
, (25)
where
λ
3
=

 1 0 00 −1 0
0 0 0

 , (26)
λ
8
=
1√
3

 1 0 00 1 0
0 0 −2

 , (27)
are the two diagonal generators of the SU(3) group, de-
scribing the isospin in z-direction of the up/down quark
and the hypercharge operator Y = 1√
3
λ
8
, respectively.
Therefore we interpret pα as the isospin polarization and
qα as the hypercharge polarization characterizing the
reservoirs in the 3-channel case. The fact that all matrix
elements of (25) are positive leads to the two conditions
|pα| < 1 + qα
3
, 0 < 1 +
qα
3
<
3
2
. (28)
If one orders the eigenvalues according to Γα1 ≥ Γα2 ≥
Γα3 one gets 0 < pα < qα < 3/2.
The unitary transformation U
α
describes a rotation of
the direction of the spin- 12 in the N = 2 case, and a
rotation of the eight-dimensional F -spin with F
i
= 12λi
for N = 3, see Fig. 1 for an illustration. Thus, the form
(23) allows for a nice physical interpretation in terms
of physical parameters characterizing the reservoirs. For
N = 3, we can label the three flavors of the reservoirs
and the dot by l = u, d, s for the up, down and strange
quark and describe with the form (23) a system where
the flavor is conserved in tunneling with equal tunneling
amplitudes for all flavors. However, the polarization pα
of the isospin described by the up and down quark and
the hypercharge polarization qα can be different for each
reservoir, and the F -spins in the reservoirs can all be
rotated relative to the F -spin of the dot. This naturally
generalizes the effective spin-valve model set up in Ref. 21
for N = 2 to the N = 3 case, which is the main subject
of this paper.
The form (21) in terms of an effective tunneling ma-
trix allows for another representation of the hybridiza-
tion matrix which will turn out to be crucial to interpret
the fixed point model derived in Section II C for the co-
tunneling regime. Taking all effective tunneling matrices
together in a N ·Nres ×N -matrix
teff =


teff
1·
·
·
teff
Nres

 , (29)
we can write this matrix via a singular value decomposi-
tion as
teff = V
(
γ
0
)
W † , (30)
where V is a unitary N · Nres × N · Nres-matrix, γ is a
N × N -diagonal matrix containing the positive singular
values γ1 ≥ γ2 ≥ · · · ≥ γN > 0, and W is a unitary
N × N -matrix. We assume here that N singular values
exist, excluding exotic cases where some channels decou-
ple effectively from the system. As a consequence, we
can express all effective tunneling matrices in terms of
the singular value matrix γ as follows
teff
α
= V
α
γ W † , (31)
6where V
α
are the N×N -matrices occuring in the first N
columns of V , which are in general not unitary. However,
since V is unitary, we note the important property
∑
α
V †
α
V
α
= 1 . (32)
The unitary matrixW can be eliminated by transforming
the basis of the single-partice states of the dot using new
field operators c′ = W †c, such that the dot Hamiltonian
(1) and the tunneling Hamiltonian (8) obtain the form
Hdot = (c
′)†h′c′ + ENdot , (33)
HT =
∑
αk
{
a†αk (t
eff
α
)′ c′ + (c′)† ((teff
α
)′)† aαk
}
, (34)
with h′ =W † hW and
(teff
α
)′ = V
α
γ . (35)
For simplicity we will drop the prime in the following and
replace h′ → h and (teff
α
)′ → teff
α
keeping in mind that
these matrices result from the matrices of the original
model by transforming the dot channels with the unitary
matrix W .
In terms of the effective tunneling matrices (35) the
hybridization matrices (21) obtain the form
Γ
α
= 2π γ V †
α
V
α
γ . (36)
This form is of particular interest since it separates the
hybridization matrix in a part γ which is independent
of the reservoirs and a reservoir-dependent part V †
α
V
α
.
Comparing (36) with (13) we can interpret γ as an ef-
fective tunneling matrix which conserves the flavor index
and is the same for all reservoirs. This effective tunnel-
ing matrix contains the information of the eigenvalues
Γl = 2πγ
2
l of the total hybridization matrix since we get
from (32)
Γ =
∑
α
Γ
α
= 2π γ2 . (37)
The reservoir-dependent part V †
α
V
α
can be interpreted
as an effective d.o.s. of the reservoirs. Taking N = 3
and decomposing this hermitian matrix in the basis of
the F -spin generators F
i
= 12λi of SU(3) we get
V †
α
V
α
= xα
(
1 +
8∑
i=1
diα F i
)
, (38)
with real coefficients xα and d
i
α which, due to (32), fulfil
the property∑
α
xα = 1 ,
∑
α
xαd
i
α = 0 . (39)
This means that the sum of the F -spins of all reservoirs
is zero. A similiar property holds for arbitrary N . In
equilibrium, where all chemical potentials µα = µ are the
same and all reservoirs can be taken together to one big
reservoir, this means that an unpolarized reservoir with
SU(3)-symmetry couples to the dot. However, since the
effective tunneling matrix elements γl still depend on the
flavor index, SU(3)-symmetry does not hold for the total
system even in equilibrium.
Most importantly, we will see in Section II C by a poor
man scaling analysis in the cotunneling regime of a singly
occupied dot Ndot = 1 that a generic fixed point model
with an isotropic matrix γ = γ1 emerges, such that the
effective tunneling matrix (35) reads
teff
α
= γV
α
. (40)
γ > 0 can be related to an isotropic Kondo coupling J
via
γ2 =
1
4
JD ,
1
D
=
1
2
(
1
E0
+
1
E2
)
, (41)
where ENdot is given by (2) and J fulfils the poor man
scaling equation
dJ
dΛ
= −N
2
J2
Λ
, (42)
with Λ denoting the effective band width. In addition, a
special potential scattering term emerges in the original
tunneling model at the fixed point which is given by
Vsc = vsc
∑
kk′
∑
αα′
: a†αk V α V
†
α′
aα′k′ : , (43)
where
vsc =
γ2
D
(
N − 2
N
+ δ
)
, δ =
E0 − E2
E2 + E0
, (44)
with E0 and E2 from (2), and : · · · : denotes normal-
ordering. This potential scattering term vanishes for
N = 2 and δ = 0 (i.e. nx = 1 where E0 = E2) and is such
that it cancels the potential scattering term emerging in
an effective model for the cotunneling regime, see Sec-
tion II B. Due to Vsc the reservoir part of the self-energy
of the dot is more complicated than (11-12) and does not
only depend on the hybridization matrix. However, as is
shown in Appendix A, the effect of Vsc is just that γ is
changed to an effective γ˜ given by
γ˜ =
γ√
1 + π2v2sc
, (45)
such that the self-energies (11-12) from the reservoirs can
be written at the fixed point with effective hybridization
matrices which can be either expressed via an effective
tunneling matrix analog to (21)
Γ
α
= 2π (teff
α
)† teff
α
, teff
α
= γ˜V
α
, (46)
7such that the d.o.s. of the reservoirs is unity, or via an
effective d.o.s. analog to (23)
Γ
α
= 2πγ˜2 ρeff
α
, ρeff
α
= V †
α
V
α
, (47)
with a trivial tunneling matrix given by γ˜1 which is the
same for all reservoirs and proportional to unity w.r.t the
flavor indices. The particular property of the effective
d.o.s. at the fixed point is the condition∑
α
ρeff
α
= 1 , (48)
following from (32). This means that in contrast to the
general case depicted in Fig. 1 for N = 3, the partic-
ular property of the fixed point model is that the sum
over all reservoir F -spins is equal to zero and the tun-
neling matrix γ = γ1 is isotropic. As a consequence we
get overall SU(3)-symmetry in equilibrium, whereas in
nonequilibrium the fixed point model is essentially not
SU(3)-symmetric since the F -spins of the reservoirs are
nonzero. A similiar statement holds for any number N
of dot levels, generalizing the picture found in Ref. 21 for
N = 2 to a generic multi-level quantum dot.
We note that for the particular case of two reservoirs
Nres = 2 with α = L,R, we get from (32) that V
†
L
V
L
=
1 − V †
R
V
R
, such that we can find a common unitary
matrix U
V
which diagonalizes both V †
α
V
α
for α = L,R
V †
α
V
α
= U
V
Ad
α
U †
V
, (49)
where Ad
α
are diagonal matrices with the property∑
α=L,R
Ad
α
= 1 . (50)
For N = 3, the matrix Ad
α
can be decomposed analog to
(25) as
Ad
α
= xα
(
1
3
+ pαλ3 +
qα√
3
λ
8
)
, (51)
where, due to the property (50), we get
1 = xL + xR , (52)
0 = xLpL + xRpR , (53)
0 = xLqL + xRqR , (54)
together with 0 < xα < 1 and (28). Thus, the hybridiza-
tion matrices at the fixed point obtain the following form
for two reservoirs
Γ
α
= 2πγ˜2 U
V
Ad
α
U†
V
. (55)
Omitting the unitary matrix U
V
by choosing a different
single-particle basis for the dot states and redefining the
parameters hll′ (analog to the transformation by the uni-
tary matrix W , see (33-34)), we get finally the diagonal
form
Γ
α
= 2πγ˜2 Ad
α
, (56)
which, for N = 3, by inserting the decomposition (51),
can be written as
Γ
α
=
1
3
Γα
(
1
3
+ pαλ3 +
qα√
3
λ
8
)
, (57)
with Γα = 2πγ˜
2xα. This form for the hybrization matri-
ces constitutes the central generic fixed point model for
N = 3 and two reservoirs in the cotunneling regime of a
singly occupied dot. This will be confirmed in Section III
by NRG in equilibrium and analysed in Section IV by
a golden rule approach in nonequilibrium. It general-
izes the spin-valve model for a 2-level quantum dot with
opposite spin polarizations in the two reservoirs anal-
ysed in Ref. 21 to the case of a 3-level quantum dot,
where the isospin and hypercharge polarizations have to
be opposite in the two reservoirs. An analog fixed point
model arises for an arbitrary number of dot levels, in this
case one obtains in the two reservoirs opposite parame-
ters corresponding to the N − 1 diagonal generators of
SU(N). Whereas in equilibrium the fixed point model
is SU(N)-symmetric (at least if the dot parmeters hll′
are adjusted properly, see Section III) and leads gener-
ically to the SU(N)-Kondo effect, the nonequilibrium
fixed point model is not SU(N)-symmetric and generi-
cally non-Kondo physics has to be expected. This will
be analysed in Section IV in the perturbative golden rule
regime of large voltage, where we will see that zero F -
spin magnetization on the dot occurs only for particular
values of the dot parameters hll′ providing a smoking gun
for the detection of the fixed point model.
B. Effective model in the cotunneling regime
The effective model in the cotunneling regime where
the particle number on the dot is fixed to Ndot = 1 can
easily be obtained by projecting the Hamiltonian matrix
on this subspace analog to Brillouin-Wigner perturbation
theory. Taking only one virtual process into the particle
number sectors Ndot = 0, 2 into account we get
Hefftot = Hres + P1HdotP1− : P1HTQ1
1
Hdot
Q1HTP1 : ,
(58)
where P1 projects onto the 1-particle subspace of the
dot and Q1 = 1 − P1. We have introduced the normal-
ordering : · · · : w.r.t. the reservoir field operators since we
are not interested in terms renormalizing the dot Hamil-
tonian leading to effective parameters hll′ . For Hres and
HT we take a model with the effective tunneling matrix
(35) and the unity matrix for the effective d.o.s. in the
reservoirs, as has been discussed in Section II. Inserting
Hdot and HT from (1) and (8) and using ENdot from (2)
8we get with P1c
†
l cl′P1 = |l〉〈l′|
Hefftot = Hres +
∑
ll′
hll′ |l〉〈l′| + E1
− 1
E2
∑
αα′
∑
kk′
: P1a
†
αk t
eff
α
c c† (teff
α′
)† aα′k′P1 : (59)
− 1
E0
∑
αα′
∑
kk′
: P1c
† (teff
α′
)† aα′k′ a
†
αk t
eff
α
cP1 : . (60)
Using
P1(c c
†)ll′P1 = −|l′〉〈l|+ δll′P1 ,
: (aα′k′ a
†
αk)l′l : = − : a†αlkaα′l′k′ : , (61)
we get after inserting (35) for the tunneling matrix and
leaving out the unimportant constant E1
Hefftot = Hres +
∑
ll′
hll′ |l〉〈l′| + Veff , (62)
with the effective interaction
Veff =
∑
αα′
∑
kk′
: a†αk V α Jˆ V
†
α′
aα′k′ : , (63)
and
Jˆll′ = γlγl′
(
2
D
|l′〉〈l| − 1
E2
δll′ 1ˆ
)
, (64)
with 2/D = 1/E0+1/E2, see (41). We note that the hat
on Jˆll′ indicates that this object is a dot operator in the
1-particle subspace for each fixed value of l and l′, i.e.
Jˆ represents a N ×N -matrix with dot operators in each
matrix element. By using 1ˆ =
∑
l |l〉〈l|, a straighforward
calculation leads to the decomposition
Jˆll′ = ξll′ |l′〉〈l|(1− δll′ )+
+
∑
l1 6=l
ηll1
( 1
N
1ˆ− |l1〉〈l1|
)
δll′ + vlδll′ 1ˆ , (65)
with
ξll′ =
2
D
γlγl′ , ηll′ =
2
D
γ2l , (66)
vl = − 1
D
γ2l (
N − 2
N
+ δ) , (67)
and 2δ = D/E2 − D/E0, see (44). We note that the
bare parameters ηll′ are independent of l
′ but obtain a
strong dependence on l′ under the renormalization group
flow described below. The decomposition (65) exhibits
the non-diagonal matrix |l′〉〈l| for l 6= l′, all traceless
diagonal matrices 1N 1ˆ− |l1〉〈l1| for l1 6= l, and the unity
matrix 1ˆ describing the effective potential scattering.
We note that the effective interaction (63) can also be
written in terms of reservoir field operators for a single
reservoir only
Veff =
∑
kk′
: a˜†k Jˆ a˜k′ : , (68)
where
a˜k =
∑
α
V †
α
aαk (69)
fulfil commutation relations of field operators for a sin-
gle effective reservoir with N flavors due to the property
(32). However, this is only possible if all the reservoirs
can be taken together, i.e. they must have the same tem-
perature and chemical potential. In nonequilibrium this
is not possible. Nevertheless, for the poor man scaling
analysis described in the next section, this form of the
Hamiltonian can be applied since the poor man scaling
analysis integrates out only energy scales above the tem-
peratures and chemical potentials of the reservoirs.
C. Poor man scaling and fixed point model for N
levels
Taking the effective Hamiltonian in the cotunneling
regime in the form (62) and (68), we now proceed to find
an effective low-energy theory by integrating out all en-
ergy scales from the high-energy cutoff Λ = D down to
some low-energy scale Λc defined by the largest physical
low energy scale in the system set by the parameters hll′
of the dot Hamiltonian, the temperature T of the reser-
voirs, and the chemical potentials µα of the reservoirs
Λc = max
{
{|hll′ |}ll′ , T, {µα}α
}
. (70)
This can be achieved by a standard poor man scaling
analysis leading to the RG equations
dJˆll′
ds
= −
∑
l1
[
Jˆll1 , Jˆl1l′
]
, (71)
where [·, ·] denotes the commutator and s = ln DΛ is the
flow parameter. This RG equation has obviously the two
invariants TrJˆll′ and
∑
l Jˆll. Defining
ηl =
∑
l′ 6=l
ηll′ , η =
∑
l
ηl , v =
∑
l
vl , (72)
we obtain from the decomposition (65)
TrJˆll′ = Nvlδll′ , (73)
〈l|
∑
l′
Jˆl′l′ |l〉 = 1
N
η − ηl + v , (74)
and get the invariants
0 =
d
ds
vl , (75)
0 =
d
ds
(
ηl − 1
N
η
)
. (76)
The first equation means that there is no renormaliza-
tion for the potential scattering. The second equation
9holds for all l = 1, . . . , N and gives N − 1 independent
invariants.
Inserting the decomposition (65) in (71) we find af-
ter some straightforward algebra the RG equations for
the parameters ξll′ and ηll′ characterizing the effective
operator-valued matrix Jˆ at scale Λ in terms of (65)
(l 6= l′ in all following equations)
dξll′
ds
= 2ξll′ η¯ll′ +
∑
l1 6=l,l′
ξll1ξl1l′ , (77)
dηll′
ds
= 2ξll′ξl′l +
∑
l1 6=l,l′
ξll1ξl1l , (78)
where we defined the symmetric matrix
η¯ll′ =
1
2
(ηll′ + ηl′l) , (79)
which fulfils the RG equation
dη¯ll′
ds
= 2ξ2ll′ +
1
2
∑
l1 6=l,l′
(
ξ2ll1 + ξ
2
l1l′
)
, (80)
since ξll′ stays symmetric during the whole RG flow
ξll′ = ξl′l . (81)
These differential equations have to be solved starting
from the initial conditions at s = 0 given by (66).
The RG equation for ηll′ can be solved by the ansatz
ηll′ = η¯ll′ + rl − rl′ , (82)
where the rl are determined from the RG equations
drl
ds
=
1
2
∑
l′ 6=l
ξ2ll′ , (83)
with initial condition rl = γ
2
l /D. Using the form (82) we
can express the N − 1 independent invariants (76) as
0 =
d
ds
(
r − Nrl + η¯l − 1
N
η¯
)
, (84)
where we have defined in analogy to (72)
η¯l =
∑
l′ 6=l
η¯ll′ , η¯ = η =
∑
l
η¯l , r =
∑
l
rl . (85)
With these invariants all N − 1 differences rl − rl′ can
be expressed via the symmetric matrix η¯ll′ and it is only
necessary to consider the RG equations (77) and (80) for
the symmetric matrices ξll′ and η¯ll′ . As we will see in
Section IID, these coupling constants can be interpreted
as the transverse and longitudinal Kondo couplings J⊥
and Jz corresponding to the SU(2)-subgroup formed by
the level pair (l, l′).
As one can see from (78) the parameters ηll′ obtain
a significant dependence on l′ not present in the initial
condition. Furthermore, all parameters ξll′ and ηll′ stay
positive and increase monotonously under the RG flow
until they diverge at a certain low-energy scale TK . The
fixed point is the one where all parameters are the same
and proportional to an isotropic Kondo-like coupling J
ξll′ = ηll′ =
1
2
J , (86)
where J fulfils the RG equation (42)
dJ
ds
=
N
2
J2 ⇒ TK = Λe− 2NJ = const . (87)
TK is the energy scale where all coupling constants di-
verge and is called the Kondo temperature in the follow-
ing. This scale is exponentially sensitive to the choice
of the initial conditions. Therefore, one defines a typical
initial coupling J0 via
4γ2l
D
= yl J0 ,
∑
l
yl = 1 , (88)
such that yl ∼ O(1) are fixed parameters, and defines
formally the scaling limit by
J0 → 0 , D → ∞ , TK = const . (89)
Close to the fixed point we can neglect the small po-
tential scattering term and get from (65) the form
Jˆll′ =
1
2
J |l′〉〈l|(1− δll′)+
+
1
2
J
∑
l1 6=l
( 1
N
1ˆ− |l1〉〈l1|
)
δll′ , (90)
which can also be written in the more compact form
Jˆll′ =
1
2
J |l′〉〈l| − 1
2N
J 1ˆδll′ . (91)
Using this form in the effective interaction (68) we get at
the fixed point in the 1-particle subspace of the dot
Veff = − 1
2N
J
∑
kk′
: a˜†k a˜k′ :
+
1
2
J
∑
kk′
∑
ll′
c†l′cl : a˜
†
lk a˜l′k′ : . (92)
At the fixed point the effective interaction is obviously
SU(N)-invariant under a common unitary transforma-
tion of the N flavors of the reservoir and dot field op-
erators. We note that this holds only in the case of the
single reservoir described by the field operators a˜lk but
not for the original model in nonequilibrium where the
reservoirs have different chemical potentials µα. In this
case one has to insert (69) in (92) and finds that the effec-
tive interaction is not invariant under a common unitary
transformation of all dot field operators cl and reservoir
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field operators aαlk due to the presence of the matrices
V
α
.
We finally show that the fixed point Hamiltonian cor-
responds to a projection of the effective tunneling model
(40) together with the potential scattering term (43) on
the N = 1 subspace of the dot. Comparing (86) with (66)
we find that we get indeed a unity matrix for γ = γ1 with
γ given by (41). Furthermore, the potential scattering is
absent in the fixed point model (90) and, therefore, we
have to introduce the potential scattering term (43) in
the effective tunneling model with a coupling constant vsc
given by (44) of opposite sign compared to (67) (where
γl is replaced by γ) such that (43) cancels the potential
scattering generated by projecting the effective tunneling
model on the N = 1 subspace.
D. Poor man scaling in SU(3)-representation
For the 3-level case N = 3, which is the main subject
of this paper, it is quite instructive to write the Hamilto-
nian and the poor man scaling equations also in the rep-
resentation of the generators of the SU(3)-group. This
provides a nice physical picture how the reservoir and dot
F -spins are coupled and how the interaction can be in-
terpreted in terms of the dot and reservoir quark flavors.
Since each matrix element Jˆll′ is an operator in the 3-
dimensional dot space we can decompose it in the F -spin
components Fˆi =
1
2 λˆi of the dot as
Jˆll′ =
8∑
i=1
J ill′ Fˆi + vlδll′ 1ˆ , (93)
where the last term contains the potential scattering.
Furthermore each 3 × 3-matrix J i can again be decom-
posed in the generators λ
j
in reservoir space (note that
we still consider here only one effective reservoir due to
the form (68) of the effective interaction in the poor man
scaling regime). Comparing (93) with (65) we find after
some straightforward algebra
J i = Ji λi , for i = 1, 2, 4, 5, 6, 7 , (94)
J3 = J3 λ3 + J38 λ8 +
2
3
c3 1 , (95)
J8 = J8 λ8 + J83 λ3 +
2
3
√
3
c8 1 , (96)
where the various coupling constants are defined by
J1 = J2 = ξ12 , K1 = η¯12 , (97)
J4 = J5 = ξ13 , K4 = η¯13 , (98)
J6 = J7 = ξ23 , K6 = η¯23 , (99)
J3 = K1 , J8 =
1
3
(2K4 + 2K6 −K1) , (100)
J38 = J83 =
1√
3
(K4 −K6) , (101)
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FIG. 2: Flow of the poor man’s scaling RG for the
couplings with similiar initial values (J1, J4, J6)(0) =
(0.018235, 0.015321, 0.013784)J0 , (K1,K4,K6)(0) =
(0.018337, 0.015924, 0.013994)J0 , J0 = 0.096510 and
D = 1000.0. The couplings become degenerate at the Kondo
scale TK and diverge.
together with the two invariants
c3 =
γ21 − γ22
D
, c8 =
γ21 + γ
2
2 − 2γ23
D
. (102)
c3 and c8 must be invariants since
∑
l
Jˆll =
8∑
i=1
(
TrJ i
)
Fˆi + v1ˆ (103)
is an invariant such that all coefficients TrJ i must be
invariants for i = 1, . . . 8. Using (94-96) we see that the
trace for i = 1, 2, 4, 5, 6, 7 is trivially zero but for i = 3, 8
we get that TrJ3 = 2c3 and TrJ
8 = (2/
√
3)c8 must be
invariants.
We note that only the 6 coupling constants
(J1, J4, J6) = (ξ12, ξ13, ξ23) and (K1,K4,K6) =
(η¯12, η¯13, η¯23) are independent. This is consistent with
our general analysis in Section II C where we showed that
only the parameters ξll′ and η¯ll′ are needed.
Since all coupling constants grow under the RG flow
and diverge at TK , the small invariants c3, c8 and vl
can be omitted from the effective interaction Veff defined
in (68). Inserting Jˆ ≈ ∑8i=1 J iFˆi from (93) and the
decompositions (94-96) we can write Veff in the compact
form
Veff = 2
8∑
i=1
Ji fˆi Fˆi + 2J38 (fˆ8Fˆ3 + fˆ3Fˆ8) , (104)
where we defined the reservoir f -spin operator as
fˆi =
1
2
∑
kk′
a˜†k λi a˜k′ . (105)
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The form (104) exhibits very clearly how the reservoir f -
spin couples to the dot F -spin. There are three possible
isospin pairs formed by the up/down quark (i = 1, 2), the
up/strange quark (i = 4, 5), or the down/strange quark
(i = 6, 7), corresponding to the flavor pairs l = 1, 2,
l = 1, 3 and l = 2, 3, respectively. For each isospin pair
we can define a transverse and longitudinal coupling, de-
noted by (J1,K1), (J4,K4), and (J6,K6), respectively,
analog to the transverse and longitudinal Kondo cou-
plings (J⊥, Jz) for a single spin 1/2. The three transverse
couplings belong to the 6 independent generators λi for
i = 1, 2, 4, 5, 6, 7. Therefore, the effective interaction does
not contain any transverse couplings between different
isospins of the reservoir and the dot but only the product
fˆi Fˆi for i = 1, 2, 4, 5, 6, 7. In contrast, the three longitu-
dinal parts of the isospins are not independent. By con-
vention one chooses the longitudinal part of the up/down
isospin (represented by λ3) and the sum over the longitu-
dinal parts of the up/strange and down/strange isospins
(represented by the hypercharge generator
√
3λ8) as ba-
sis for the two independent traceless matrices. There-
fore, there is not only a longitudinal isospin coupling J3
and a hypercharge coupling J8 but also a mixed coupling
J38 describing an interaction of the longitudinal reser-
voir isospin with the hypercharge polarization of the dot
and vice versa. This picture naturally generalizes to ar-
bitrary N providing a physical interpretation of the cou-
pling constants ξij and η¯ij in terms of the transverse and
longitudinal couplings for the isospin formed by the two
flavors l = i, j.
Using (77) and (80) for N = 3, we obtain the RG
equations
dJ1
ds
= 2J1K1 + J4 J6 , (106)
dJ4
ds
= 2J4K4 + J1 J6 , (107)
dJ6
ds
= 2J6K6 + J1 J4 , (108)
dK1
ds
= 2J21 +
1
2
(J24 + J
2
6 ) , (109)
dK4
ds
= 2J24 +
1
2
(J21 + J
2
6 ) , (110)
dK6
ds
= 2J26 +
1
2
(J21 + J
2
4 ) , (111)
with the initial conditions at s = 0 given by (66)
J1(0) =
2γ1γ2
D
, J4(0) =
2γ1γ3
D
, (112)
J6(0) =
2γ2γ3
D
, K1(0) =
γ21 + γ
2
2
D
, (113)
K4(0) =
γ21 + γ
2
3
D
, K6(0) =
γ22 + γ
2
3
D
. (114)
A numerical study of these RG equations shows that in-
dependent of the initial conditions all couplings become
equal during the RG flow and diverge at some low-energy
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FIG. 3: Flow of the poor man’s scaling RG
for the couplings for J1(0) ≫ J4(0), J6(0) with
(J1, J4, J6)(0) = (0.0239873, 0.0022176, 0.0020878)J0 ,
(K1,K4,K6)(0) = (0.0240310, 0.0128358, 0.0113882)J0 ,
J0 = 0.0965099, D = 1000.0. Each of the coupling pairs
(J1,K1), (J4, J6) and (K4,K6) are quasi degenerate for the
main part of the RG flow before all couplings obtain the
same value at TK.
scale TK , in agreement with (86). Using (97-101) this
means that all Ji = J/2 become the same for i = 1, . . . , 8
and the mixed coupling J38 scales to zero. Thus, at the
fixed point the effective interaction can be written in the
isotropic and SU(3)-invariant form
Veff = J
8∑
i=1
fˆi Fˆi , (115)
which is identical with (92). Applying the analog scheme
to an arbitrary number N of dot levels we obtain at the
fixed point the same result, one just has to sum in (115)
over all generators of SU(N). Fig. 2 shows an example
for the RG flow where the longitudinal and tranverse cou-
plings Ki ≈ Ji are initially nearly the same but different
for each i = 1, 4, 6.
To obtain a feeling for the nature of the strong-coupling
ground state, we assume a two-site model with Hamilto-
nian (115). In particular, we consider a tight-binding
model for the reservoir and the two sites are the dot and
the first site of the reservoir (i.e. the one that couples
to the dot), respectively, while the other reservoir sites
are not taken into account. The crucial point about de-
termining the ground state lies in choosing the appror-
priate representation for the eigenstates of the SU(3)-
symmetric interaction in (115). The SU(3) group has
two fundamental representations41, which we denote by
the multiplett notation [3] and [3]. We represent the
eigenstates of the dot in the representation [3] where the
F -spin components are Fˆi =
1
2 λˆi. Denoting the states by
12
the quark flavors l = 1, 2, 3 = u, d, s, we have
|u〉 =
∣∣∣∣12 , 13
〉
, (116)
|d〉 =
∣∣∣∣−12 , 13
〉
, (117)
|s〉 =
∣∣∣∣0,−23
〉
, (118)
where the states on the r.h.s. are the eigenstates of
Fˆ3 and Fˆ8 and the first (second) quantum number in
the label is the corresponding eigenvalue of Fˆ3 (
2√
3
Fˆ8).
Therefore, we refer to these eigenvalues as isospin (hyper-
charge) quantum numbers. Choosing the same represen-
tation for the first site in the reservoir is not useful since
the states of the composite system are part of either the
sextet [6] or the triplet [3] due to [3] ⊗ [3] = [6] ⊕ [3]41.
Such a representation is not suitable since the system has
a distinct non-degenerate ground state. Instead, we rep-
resent the first site of the reservoir with [3] and obtain
[3]⊗ [3] = [8]⊕ [1] where all but one state of the two-site
system form an octet together with the remaining state
being a unique singlet state. [3] is the complex conju-
gate representation of [3] and has therefore the genera-
tors fˆi = − 12 λˆ∗i . Consequently, we label the states of the
second site with the anti-quark flavor l = 1, 2, 3 = u, d, s
and get
|u〉 =
∣∣∣∣−12 ,−13
〉
, (119)
∣∣d〉 = ∣∣∣∣12 ,−13
〉
, (120)
|s〉 =
∣∣∣∣0, 23
〉
. (121)
In this basis, the operators λˆ∗i have the same matrix rep-
resentation as the Gell-Mann matrices λˆi.
Indeed, we will show in appendix B that the singlet
state
|gs〉 = 1√
3
(|uu〉+ ∣∣dd〉+ |ss〉) (122)
is the ground state with energy Egs = − 43J while the
octet states are degenerate with energy E8 =
1
6J . Since∣∣ll〉 = |l〉 ⊗ ∣∣l〉 it is straightforward to define the reduced
dot density matrix
ρˆ =
∑
l=u,d,s
〈
l
∣∣ (|gs〉 〈gs|) ∣∣l〉 = 1
3
1ˆ , (123)
which yields nl =
1
3 in perfect agreement with the NRG
analysis in section III.
Together with the SU(3)-symmetric interaction term,
the outcome (122) motivates the term ”quantum fluc-
tuations” for the significant physical processes in the
fixed point model. The ground state is a symmetric lin-
ear combination of bound states with quark-antiquark-
flavor. This is in accordance with the observation that
no free quarks exist, i.e. they always gather to form
a particle with integer electric charge. The interaction
term (115) preserves this since the fluctuation terms
(i = 1, 2, 4, 5, 6, 7) always annihilate a quark-antiquark-
pair while creating a different quark-antiquark-bound
state simultaneously. Furthermore, we will discuss in
Appendix B that the eigenstates of (115) are identical to
those of the quark model for light pseudoscalar mesons42.
In this context, choosing J1 ≈ K1 ≫ J4 ≈ J6 and
K4 ≈ K6 for the initial values reveals a nice physical pic-
ture in terms of the isospin of the up and down quark.
Fig. 3 shows that in the whole regime from weak to in-
termediate coupling the couplings stay approximately de-
generate with J1 ≈ K1, J4 ≈ J6 and K4 ≈ K6. Here,
the model exhibits an approximated SU(2)-symmetry
for the isospin with an isotropic isospin coupling JI =
1
2 (J1+K1)≫ |J1−K1|. Furthermore, the interaction of
isospin and hypercharge degrees of freedom disentangle
in leading order since J38 ≪ J3, J8. In the same way,
J4 ≈ J6 characterizes transitions between states differing
in the hypercharge quantum number, compare with (116-
118). In total, we find an isotropic isospin model where
the presence of the third level (strange quark) mainly re-
sults in a potential scattering (J8 ∼ JI) for the isospin
with suppressed transitions to states with different hy-
percharge (J4, J6 ≪ JI). However, finally the RG flow
approaches the generic SU(3)-symmetric fixed point on
the Kondo scale TK also in this case.
III. NRG ANALYSIS IN EQUILIBRIUM
In Section IID we have shown for a 3-level quantum
dot in the cotunneling regime that the generic fixed point
model is an SU(3)-invariant isotropic effective interaction
(115) between the F -spins of the reservoir and the dot.
This holds for the equilibrium case where all reservoirs
can be taken together to a single reservoir and it requires
also SU(3)-symmetry of the dot. This means that the
dot parameters hll′ have to be adjusted appropriately
(including renormalizations arising from the coupling to
the reservoir) such that the populations of all dot states
are the same nl = 〈c†l cl〉 = 1/3. The aim of this section
is to confirm that in equilibrium the SU(3)-symmetric
fixed point can be established independent of the tun-
neling matrix by an adjustment of the dot parameters.
To this end we use the numerically exact NRG method38
and analyse the linear conductance G for N = 3 and two
reservoirs (α = L,R) for the case of proportional cou-
plings Γ
α
= xαΓ where G can be calculated from (18)
and (16)
g = G/G0 = −π
2
∫
dωTrΓ ρ(ω) f ′(ω) , (124)
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FIG. 4: Gate voltage dependence of the conductance at various temperatures for (a) N = 3 and (b) N = 2 at the SU(N)-
symmetric point where all Γl are the same and all hl = 0. By p-h symmetry the curves can be mirrored along Vg = 0. Also
shown is the occupation nl at the lowest temperature where the Friedel sum rule (127) is fulfilled.
with the dimensionless conductance g in units of G0 =
(e2/h)/(4xLxR). As explained in Section IIA the equi-
librium spectral density ρ(ω) depends only on the total
hybridization matrix Γ, i.e. we can use a unitary transfor-
mation of the dot states such that this matrix is diagonal
(see (37)) and the spectral density in this basis depends
only on the eigenvalues Γl = 2πγ
2
l . In this case the linear
conductance (124) can be written as
g = −π
2
∫
dω
∑
l
Γl ρll(ω) f
′(ω) . (125)
In the new dot basis we assume for simplicity that the
dot Hamiltonian contains only diagonal elements
H =
∑
l
hlc
†
l cl . (126)
Other cases with nondiagonal elements hll′ can also be
studied but are of no interest because they just destroy
SU(3)-symmetry of the dot and drive the system away
from the fixed point model. Here, we are interested in
a systematic study how, for arbitrary tunneling parame-
ters Γl, SU(3)-symmetry can be restored by tuning the
level positions hl appropriately. In addition we will also
study the dependence of the SU(3)-Kondo temperature
T
(3)
K as function of Γl and compare it to the correspond-
ing SU(2)-Kondo temperature T
(2)
K , where only two lev-
els contribute to transport. This analysis goes beyond
the one of Ref. 13 which has concentrated on the linear
conductance for the SU(3)-symmetric case (i.e. all Γl
are the same and hl = 0) and the destruction of SU(3)-
symmetry by different Γl or finite values for hll′ . As a
signature of SU(3)-symmetry we take the Friedel sum
rule (used also in Ref. 12,13)
g =
∑
l
sin2(πnl) , (127)
which holds exactly at zero temperature and gives the
value g = 2.25 for equal populations nl = 1/3 corre-
sponding to the SU(3)-symmetric fixed point. The occu-
pations nl can be calculated from the spectral density via
nl =
∫
dωρll(ω)f(ω). For the parameters in all figures we
use
1
2
∑
l
Γl = 1 , U = 10 , W = 10
4 , (128)
where 2W denotes the width of a flat d.o.s. of the reser-
voirs (i.e. |ω| < W for the integral in (125)).
The calculations are performed using the full-density-
matrix NRG39, where we exploit either the individual
charge conservation or the full SU(N) symmetry by
means of the QSpace tensor library developed by A.
Weichselbaum40. For the final results we employ a dis-
cretization parameter of Λ = 3, and we keep states up
to a rescaled energy of Etrunc = 9 and maximal num-
ber Nkeep during the NRG iteration. In the calculations
without SU(N) symmetry we set Nkeep = 8000. In the
SU(N)-symmetric cases we can further increase the pre-
cision to very high level and explicitly confirm that re-
sults for g are converged up to 1% and results for nl are
converged up to 10−6 with respect to the numerical pa-
rameters. Note that in many calculations we optimize
the level positions to achieve equal occupation of certain
levels. Since the values of such optimized level positions
h∗l depend on the discretization of the bath, we refrain
from using z-averaging38. Finally, we need not broaden
the NRG data as the computation of both g and nl re-
quires only discrete spectral weights.
To set the scene we show in Fig. 4 known curves for
the conductance depending on gate voltage and temper-
ature in the SU(N)-symmetric cases for N = 2, 3, where
all Γl are the same and all hl = 0. We find converged,
plateau-like features when decreasing T below the Kondo
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FIG. 5: Conductance at fixed Vg = −U/2 and h1 = h2 = 0
for (a) Γ1 = Γ2 > Γ3 and (b) Γ1 = Γ2 < Γ3 as function of
|h3 − h
∗
3| for various temperatures. We distinguish the case
h3 > h
∗
3 (solid lines) from the case h3 < h
∗
3 (dashed lines),
where h∗3 is the optimized value at which SU(3)-symmetry is
restored.
temperature TK in the cotunneling regime of a singly
occupied dot. Note that nl shows a very weak depen-
dence on temperature in this regime and, at T < TK , the
Friedel sum rule (127) is fulfilled. Furthermore, we find
that the Kondo temperatures T
(N)
K are similiar for N = 2
and N = 3 (recall that
∑
l Γl is fixed). In contrast, the
p-h-symmetric point Vg = 0 corresponds to very differ-
ent physics for the two cases, since for N = 3 there are
strong charge fluctuations due to E1 = E2, whereas for
N = 2 spin fluctuations dominate. Therefore, at Vg = 0,
the relevant low-energy scale is the hybridization Γl for
N = 313 and the Kondo temperature for N = 2.
Next we study the case Γ1 = Γ2 6= Γ3 and h1 = h2 = 0.
In this case the different tunneling couplings lead to a
different renormalization of h3 of O(Γ1Γ3/U) relativ to
h1/2. Therefore, h1 = h2 = h3 = 0 is not the SU(3)-
symmetric point and the level position h3 has to be ad-
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FIG. 6: Conductance for h1 = h2 = 0 and (a) Γ1 = Γ2 > Γ3
and (b) Γ1 = Γ2 < Γ3 as function of gate voltage for various
temperatures. For each value of the gate voltage h3 = h
∗
3(Vg)
is optimized such that the populations of the three states are
the same at zero temperature.
justed appropriately to recover equal populations of the
states and conductance g = 2.25 at zero temperature.
Calling this optimized value h∗3 we show in Fig. 5 the
conductance as function of |h3 − h∗3|. For temperatures
T < T
(3)
K we see that the conductance reaches the SU(3)-
symmetric value g = 2.25 for |h3 − h∗3| ∼ T (3)K as ex-
pected. The Kondo temperature T
(3)
K does not depend
strongly on the value of Γ3 and is nearly the same for
Γ3 < Γ1/2 (Fig. 5(a)) and Γ3 > Γ1/2 (Fig. 5(b)). For
|h3−h∗3| > T (3)K and h3 > h∗3 (solid lines in Fig. 5) we see
that the SU(2)-Kondo effect with g = 2 appears at low
enough temperatures T < T
(2)
K . Whereas T
(2)
K ≈ T (3)K
for relatively small Γ3 < Γ1/2, we find that T
(2)
K < T
(3)
K
for Γ3 > Γ1/2. The latter can be explained by the fact
that the two levels l = 1, 2 form the SU(2)-Kondo ef-
fect and therefore T
(2)
K decreases if the coupling to these
two levels Γ1,Γ2 is lowered. In contrast, when all three
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FIG. 7: Conductance and level occupations as functions of h2
and h3 for Γ1 < Γ2 < Γ3, h1 = 0, Vg = −U/2, and T = 10
−10.
levels contribute to the SU(3)-Kondo effect, we have a
total coupling of
∑
l Γl/2 = 1 and find that the relative
distribution of the Γl influences T
(3)
K only weakly. Fur-
thermore, in the regime where the SU(2)-Kondo effect
occurs we see a strong difference when moving over from
h3 > h
∗
3 to h3 < h
∗
3 (dashed lines in Fig. 5) since then
level 3 forms the ground state and thus the Kondo ef-
fect is much weaker compared to the case when the two
levels l = 1, 2 are lower in energy. In the regime of the
SU(3)-Kondo effect it is hardly relevant whether level 3
approaches the other two levels from above or below.
In Fig. 6 we show the conductance as function of the
gate voltage again for h1 = h2 = 0 and the two cases
Γ1 = Γ2 ≷ Γ3 as in Fig. 5 but at each value of the
gate voltage we choose the optimized value h3 = h
∗
3(Vg)
for which the populations of the three states are the
same at zero temperature. As in Fig. 5 we confirm that
T
(3)
K depends only weakly on Γ3 but the overall tendency
is that T
(3)
k decreases when increasing |Γ1/2 − Γ3|. At
the p-h symmetric point Vg = 0, the situation is com-
pletely different since charge fluctuations dominate for
N = 3. Therefore, the conductance around Vg = 0
depends strongly on the relative distribution of the Γl.
In fact, comparing various cases we find that the con-
ductance at Vg = 0 (where also h
∗
3 = 0) decreases
monotonously when increasing the variance of the cou-
plings Γl. At large variance as in Fig. 6(b), g around
Vg = 0 is strongly surpressed. In contrast, in the co-
tunneling regime Vg ≈ −U/2 the conductance is rather
insensitive to the distribution of the Γl. The combina-
tion of these phenomena leads to a surprising shape of
the curve g(Vg) which exhibits a local minimum at the
p-h symmetric point for intermediate temperatures.
Finally, we consider in Fig. 7 three different hybridiza-
tions Γ1 < Γ2 < Γ3 and tune h2 and h3 at fixed h1 = 0,
Vg = −U/2, and T = 10−10. From the plots of the occu-
pations nl we can easily distinguish three regions where
only one level is involved. At the intersections of two such
regions we observe a two-level Kondo effect with conduc-
tance g = 2. The widths of these intersections in the
h2-h3 plane define three different Kondo temperatures
T
(2)
K which are ordered according to the size of the cor-
responding hybridizations Γ1 + Γ2 < Γ1 + Γ3 < Γ2 + Γ3.
In the center, where all “one-level sections” intersect, we
observe a wide region of a three-level Kondo effect with
conductance g = 2.25. The corresponding Kondo tem-
perature T
(3)
K is of the same order as the maximum of the
three two-level Kondo temperatures.
In summary, we find that for any kind of (diagonal)
hybridization, whether with no, two, or three identical
elements, we can find carefully optimized level positions
(and low enough temperatures) to observe the behav-
ior known from the SU(3)-symmetric quantum dot. For
other hybridizations with two identical hybridization el-
ements or, again, optimized level positions we can also
reproduce the behavior of a two-level Kondo effect such
that one level is (effectively) excluded. For arbitrary Γl
and hl (corresponding to most parts of a version of Fig. 7
zoomed out) the typical behavior is that of the single, (ef-
fectively) lowest-lying level.
IV. NONEQUILIBRIUM FIXED POINT MODEL
The aim of this section is to analyse the nonequilib-
rium properties of the system for N = 3 in the pertur-
bative regime where the cutoff scale Λc defined by (70)
is much larger than the Kondo temperature Λc ≫ TK .
Most importantly, as already emphasized several times
in the previous sections, even if the fixed point model
(115) is reached at scale Λc (which will be the case if
we take the formal scaling limit defined by (89)), it is
essentially not SU(3)-invariant if the chemical potentials
of all reservoirs are different. This leads to new inter-
esting nonequilibrium fixed point models similiar to the
ones discussed in Ref. 21 for the N = 2 case which show
a completely different behaviour of physical observables
like the magnetization or the current compared to the
SU(N)-symmetric Kondo model. Moreover, in practical
situations the initial cutoff D ∼ Ec is fixed leading to
deviations from the fixed point model. Therefore, the
aim of this section is to analyse the perturbative effects
of the full effective interaction on physical observables
and to identify a smoking gun for the fixed point model
together with a parameter measuring the distance from
this fixed point.
A. Golden rule approach
We start from the effective interaction in the form (63)
in terms of the original reservoir field operators aαlk. In-
serting (93-96) and leaving out all small terms∼ vl, c3, c8,
16
we obtain
Veff =
∑
αα′
∑
kk′
: a†αk V α Jˆ V
†
α′
aα′k′ , (129)
with
Jˆ ≈
∑
i
J i Fˆi (130)
J i = Ji λi + J38(δi3 λ8 + δi8 λ3) . (131)
The total Hamiltonian is given by Htot = Hres+Hdot+
Veff, with a unity d.o.s. in the reservoirs and the dot
Hamiltonian Hdot =
∑
ll′ hll′ |l〉〈l′| in the 1-particle sub-
space. To apply golden rule we first diagonalize the dot
Hamiltonian by a unitary transformation Uˆ such that
H˜dot = Uˆ
†HdotUˆ =
∑
l
ǫl|l〉〈l| . (132)
The golden rule rate for a transition from l′ → l in the
diagonalized basis is then given by
Γl′→l = 2π
∑
rr′
|〈lr|Uˆ †VeffUˆ |l′r′〉|2〈r′|ρres|r′〉 ·
· δ(ǫl + Er − ǫl′ − Er′) , (133)
where |r〉 denote the many-particle states of the reservoirs
with energy Er and ρres =
∏
α ρ
α
res is the product of the
grandcanonical distributions of the reservoirs. Inserting
the effective interaction (129) we find
Γl′→l = 2π
∑
αα′
∫
dω
∫
dω′(1 − fα(ω))fα′(ω′)δ(ǫl − ǫl′ + ω + µα − ω′ − µα′)
∑
l1l′1
|〈l|Uˆ †(V
α
Jˆ V †
α′
)l1l′1Uˆ |l′〉|2 . (134)
At zero temperature we get
Γl′→l = 2π
∑
αα′
w(ǫl − ǫl′ + µα − µα′) ·
·
∑
l1l′1
|〈l|Uˆ †(V
α
Jˆ V †
α′
)l1l′1 Uˆ |l′〉|2 ,
(135)
with w(x) = |x|θ(x). Here, |ǫl − ǫl′ + µα − µα′ | is just
the available energy phase space in the reservoirs for the
energy gain ǫl′ − ǫl + µα′ − µα > 0. Inserting (130) we
can write the golden rate in the compact form
Γl′→l = 2π
∑
αα′
w(ǫl − ǫl′ + µα − µα′) ·
·
∑
ij
〈l|Uˆ †FˆiUˆ |l′〉 〈l′|Uˆ †Fˆj Uˆ |l〉 ταα
′
ij , (136)
where
ταα
′
ij = Tr V
†
α
V
α
J i V †
α′
V
α′
Jj . (137)
As expected only the combination V †
α
V
α
enters into this
expression which is consistent with our discussion in Sec-
tion IIA where it was shown that the hybridization ma-
trices Γ
α
depend only on this combination, see (36).
The stationary probability distribution pl in the diag-
onalized basis follows from∑
l′
pl′ Γl′→l = 0 ,
∑
l
pl = 1 . (138)
In an analog way one can calculate the stationary current
Iβ flowing in reservoir β from the current rates W
β
ll′ in
golden rule
Iβ =
∑
ll′
pl′ Γ
β
l′→l , (139)
with
∑
l
Γβl′→l = 2π
∑
αα′
(δαβ − δα′β)w(ǫl − ǫl′ + µα − µα′) ·
·
∑
ij
〈l|Uˆ †FˆiUˆ |l′〉 〈l′|Uˆ †FˆjUˆ |l〉 ταα
′
ij . (140)
Once the input of the matrices V
α
, the coupling con-
stants (J1, J4, J6) and (K1,K4,K6) (determining the ma-
trices J i for i = 1, . . . , 8), the unitary transformation Uˆ
and the eigenvalues ǫl of the dot Hamiltonian are known,
the stationary probabilities and the current can be calcu-
lated in a straightforward way from the above golden rule
expressions. Thereby, we have neglected small renormal-
izations of the dot parameters induced by the coupling
to the reservoirs which are assumed to be much smaller
than the level spacings in the dot.
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B. F -spin magnetization for two reservoirs
We now calculate the F -spin magnetization of the dot
mF =
√√√√ 8∑
i=1
(〈Fˆi〉)2 (141)
for the special case of two reservoirs. We will show that
the condition of zero F -spin magnetization requires spe-
cial dot parameters characterizing the deviation from the
fixed point model. In the basis of the diagonalized dot
Hamiltonian the density matrix of the dot is diagonal in
golden rule approximation so that only the two diagonal
generators Fˆ3 and Fˆ8 contribute to mF
mF =
√
(〈Fˆ3〉)2 + 〈Fˆ8〉)2
=
1
2
√
(p1 − p2)2 + 1
3
(p1 + p2 − 2p3)2 . (142)
Zero F -spin magnetization is then equivalent to an equal
population of the three states
mF = 0 ⇔ p1 = p2 = p3 . (143)
As explained in Section IIA via (49) the case of two
reservoirs has the advantage that both matrices V †
α
V
α
=
U
V
Ad
α
U†
V
can be diagonalized by a common unitary ma-
trix U
V
and the diagonal matrices Ad
α
are parametrized
via (51) by the parameters xα, pα and qα, which fulfil the
conditions (52-54) and (28). Furthermore it was shown
that the special property of the fixed point model is that
the unitary transformation U
V
can be shifted to the dot
such that in the new basis an effective diagonal tunneling
model (56) emerges. Thus, the particular property of the
fixed point model is that the expectation value of the F -
spin magnetization and the current Iα are independent of
the unitary matrix U
V
. In contrast, for the model away
from the fixed point this is no longer the case.
The unitary matrix U
V
provides a mean to
parametrize the dot Hamiltonian by convenient param-
eters. After transforming the dot Hamiltonian with
UˆV =
∑
ll′(UV )ll
′ |l〉〈l′| we take the form
Uˆ †VHdotUˆV = hxFˆ1 + hyFˆ2 + hzFˆ3 +
2√
3
∆Fˆ8 ,
(144)
such that ~h can be interpreted as an effective magnetic
field acting on the isospin of the up/down quark, and ∆
is the level distance between the strange quark and the
average level position of the up and down quark
∆ =
1
2
(ǫ1 + ǫ2) − ǫ3 , (145)
see also Fig. 1 for an illustration. The eigenvalues ǫl of
Hdot and the unitary operator Uˆ can then be expressed
by the dot parameters ~h and ∆ by
ǫ1/2 = ±
1
2
h+
1
3
∆ , ǫ3 = −2
3
∆ , (146)
Uˆ = UˆV Uˆh , Uh =
(
x1 x2 0
0 1
)
, (147)
where h =
√
h2⊥ + h
2
z, h
2
⊥ = h
2
x + h
2
y, and
x1/2 =
1√
2h(h∓ hz)
(
±(hx − ihy)
h∓ hz
)
. (148)
Inserting Uˆ = UˆV Uˆh and V
†
α
V
α
= U
V
Ad
α
U †
V
in the
golden rate (136) we get
Γl′→l = 2π
∑
αα′
w(ǫl − ǫl′ + µα − µα′) ·
·
∑
ij
〈l|Uˆ †Uˆ †V FˆiUˆV Uˆh|l′〉 〈l′|Uˆ †hUˆ †V FˆjUˆV Uˆh|l〉 ταα
′
ij ,
(149)
with
ταα
′
ij = TrA
d
α
(U †
V
J i U
V
)Ad
α′
(U †
V
Jj U
V
) . (150)
For the special case of the fixed point model where J i =
1
2Jλi we can see that the unitary matrix UV indeed drops
out as expected due to the invariant
8∑
i=1
(U †
V
λ
i
U
V
)(Uˆ †V FˆiUˆV ) =
8∑
i=1
λ
i
Fˆi . (151)
An analog property holds for the current rate (139).
In the following, we consider the strong nonequilib-
rium regime where the bias voltage V = µL − µR > 0 is
assumed to be larger than all level spacings, i.e.
V > |h|, |∆± h/2| , (152)
From (142) we see directly that the condition mF = 0
is equivalent to 〈Fˆ3〉 = 〈Fˆ8〉 = 0. Consequently, this are
two conditions revealing that mF = mF (hz, h⊥,∆) = 0
generically defines a closed curve in (hz, h⊥,∆)-space.
Inserting (51) for Ad
α
, (131) for J i, (146) for ǫl, and (147)
for Uˆh, we evaluate the golden rule rates (149) and (139)
in Appendix C for the special case U
V
= 1 from which
we can determine the shape of this curve. This gives a
generic result for the fixed point model (where the ma-
trix U
V
drops out) whereas for the model away from the
fixed point we consider only the special case of a diagonal
tunneling model.
From the condition mF (hz , h⊥,∆) = 0 or p1 = p2 =
p3 = 1/3 we obtain in Appendix C the two equations
∆ = xLqLV +
J24 − J26
J24 + J
2
6
(xLpLV − 1
2
hz) ,
(153)
θ22x
2
Lp
2
LV
2 = θ21h
2
⊥ + θ
2
2(hz − xLpLV )2 , (154)
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FIG. 8: (Color online) The F -spin magnetization mF in the
strong nonequilibrium regime projected onto the (hz, h⊥)-
plane at the fixed point with xL = xR = 0.5, pL = −pR = 0.6,
qL = −qR = 1.0, J = 0.0965103, V = 10
3 TK and ∆ = 0.5V .
The white line h∗⊥(hz) indicates where mF is zero.
where
θ21 = J
2
1 + J
2
3 + J
2
38 +
1
2
(J24 + J
2
6 ) , (155)
θ22 = 2J
2
1 +
3
2
J24 −
1
2
J26 . (156)
This means that the projection of the curve
mF (hz, h⊥,∆) = 0 on the (hz, h⊥)-plane is an el-
lipse with the ratio
s1 = θ1/θ2 (157)
of the two shape parameters. θ1 is the major-axis (minor-
axis) if s1 > 1 (s1 < 1). We point out that this is different
to the SU(2)-model (i.e. J38 = J4 = J6 = 0) where θ1 is
always the major-axis. Furthermore, the derivative of ∆
w.r.t. hz is given by
s2 =
d∆
dhz
= −1
2
J24 − J26
J24 + J
2
6
. (158)
The two parameters s1/2 provide smoking guns for the
detection of the fixed point model since for Ji = J/2 and
J38 = 0 we obtain
s1 = 1 , s2 = 0 , (159)
i.e. a circle in the (hz , h⊥)-plane as shown in Fig. 8 and
no dependence of ∆ = qLV on hz at the fixed point. In
this sense 1 − s1 and s2 can both be viewed as parame-
ters measuring the distance from the fixed point model.
Furthermore we see that the parameters xLpL = −xRpR
and xLqL = −xRqR of the fixed point model can be de-
termined from the two equations
∆ = xLqLV , h
2
⊥ + (hz − xLpLV )2 = xLp2LV 2 .
(160)
To fix the remaining parameter xLxR and the coupling
J from a physical quantity we have also evaluated the
current in Appendix C and obtained at the fixed point
and for mF = 0
IL = −IR
= πxLxRJ
2
{
− qL − qR
6
∆− pL − pR
4
hz +
+
1
3
(4− qLqR
9
− pLpR
3
)V
}
= πJ2
{1
6
xRqR∆+
1
4
xRpRhz+
1
3
(4xLxR +
1
9
x2Rq
2
R +
1
3
x2Rp
2
L)V
}
, (161)
where we used xLxR(qL − qR) = −xRqR and xLxR(pL −
pR) = −xRpR in the last equation. J2 is just the overall
scale of the current and the parameter xLxR appears ex-
plicitly. Together with xL + xR = 1, the two parameters
xL/R can thus be fixed.
In summary, we have shown in the strong nonequilib-
rium regime that the condition of vanishing F -spin mag-
netization mF = 0 defines a closed curve in (hz, h⊥,∆)-
space that is an ellipse in the special case of a diagonal
tunneling model. A golden rule calculation has revealed
that the geometric properties of this ellipse are a mea-
sure for the distance to the fixed point model where the
ellipse turns into a circle being embedded in a plane de-
fined by a constant value for ∆. At the fixed point, the
parameters of the effective model can experimentally be
obtained from identifying the position of this circle to-
gether with measuring the current at the corresponding
dot parameters ~h and ∆.
V. SUMMARY
The results obtained in this paper show that the area
of nonequilibrium low-temperature transport through
generic quantum dot models contains a huge variety of in-
teresting fixed point models not accessible in the equilib-
rium case. Previous studies have analysed many generic
Kondo scenarios for equilbrium systems and used the fi-
nite voltage V just as a probe for the equilibrium dot
spectral density for quantum dots coupled very asym-
metrically to two reservoirs4. In addition, the finite volt-
age together with corresponding decay rates was just
expected to act as a cutoff scale for RG flows in the
weak coupling regime23,24,27 analog to the temperature,
leading to quantitatively but not qualitatively different
physical properties. In contrast, the analysis performed
in this paper shows that, for generic tunneling matri-
ces, the cutoff set by the voltage is essentially different
from the temperature since it drives the system towards
a fixed point characterized by a different symmetry com-
pared to the equilibrium case. Our main result is that
if an electron on a singly-occupied dot in the cotunnel-
ing regime can occupy N levels flavor fluctuations lead
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to a model in the nonequilibrium situation which is es-
sentially not SU(N)-invariant. In the scaling limit for
fixed values of V and TK , a fixed point model appears
at scale V where each reservoir is characterized by N
effective flavors with N2 − 1-dimensional polarizations
(corresponding to the N2 − 1 generators of the SU(N)-
group) pointing in different directions such that the total
sum is equal to zero. This leads to a SU(N)-symmetric
equilibrium fixed point where all reservoirs can be taken
together, but to a SU(N)-nonsymmetric nonequilibrium
fixed point with qualitatively different physical proper-
ties. We have demonstrated this for the special case
N = 3 and two reservoirs in the weak coupling regime
V ≫ TK and have seen that the condition of equal pop-
ulation of all dot states is realized for special dot pa-
rameters providing a smoking gun to identify the special
symmetry of the nonequilibrium fixed point model.
Strictly speaking the numerical solution of the RG flow
shows that even for rather large ratios D/TK , the cou-
pling constants become all equal only very close to TK ,
where the poor man scaling approach is no longer valid.
This means that the fixed point model can not be reached
for voltages V ≫ TK , except for cases where the initial
parameters have already been set close to the fixed point.
It is therefore of high interest for the future to develop
numerically exact approaches to describe the strong cou-
pling regime in nonequilibrium. In particular for voltages
V ∼ TK we expect that the fixed point model has been
reached and the scaling of the conductance and the F -
spin magnetization as function of the dot parameters will
be essentially different from the SU(N)-symmetric case.
In agreement with Rfs. 12,13 we have demonstrated in
this paper that in equilibrium the fixed point model is
indeed reached for temperatures below the Kondo tem-
perature TK providing evidence that a similiar result will
also hold in the nonequilibrium case when the voltage
reaches TK . It will be interesting for the future to test
this conjecture and to provide signatures of the nonequi-
librium fixed point model in the strong coupling regime.
Finally, it will also be very interesting for the fu-
ture to study the nonequilibrium fixed points in regimes
where the particle number of the dot is larger than one
Ndot > 1. Already in the equilibrium case it has been
demonstrated that not only the Coulomb interaction but
also other kinds of interactions (e.g. spin-dependent
terms) are very important to find the correct ground
state, see e.g. Ref. 4 for a review. Based on this and
our results for Ndot = 1 we expect that even a richer va-
riety of new nonequilibrium fixed point models has to be
expected for Ndot > 1.
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Appendix A: Reservoir self energy
In this Appendix we calculate the greater/lesser self-
energies Σ≷
res
(ω) of the dot arising from the tunneling
Hamiltonian (7) with an effective tunneling matrix given
by (40) together with the potential scattering term Vsc,
see (43). The effective d.o.s. of the reservoirs is given
by unity since the whole nontrivial information of the
reservoirs is included in the effective tunneling matrix.
Using standard Keldysh formalism we get
Σ≷
res
(ω) = γ2
∑
αα′
∑
kk′
V †
α
G≷
αk,α′k′
(ω)V
α′
, (A1)
whereG≷
αk,α′k′
(ω) are the greater/lesser reservoir Green’s
functions arising from the reservoir part of the Hamil-
tonian including the potential scattering term. These
Green’s functions can be calculated from the Dyson equa-
tion with Vsc defining the self-energy
G≷
αk,α′k′
(ω) = g≷
αk
(ω)δαα′δkk′
+ vsc
∑
α1k1
g≷
αk
(ω)V
α
V †
α1
GA
α1k1,α′k′
(ω)
+ vsc
∑
α1k1
gR
αk
(ω)V
α
V †
α1
G≷
α1k1,α′k′
(ω) , (A2)
where GA
α1k1,α′k′
(ω) denotes the advanced Green’s func-
tion which follows from the Dyson equation
GA
αk,α′k′
(ω) = gA
αk
(ω)δαα′δkk′
+ vsc
∑
α1k1
gA
αk
(ω)V
α
V †
α1
GA
α1k1,α′k′
(ω) . (A3)
gx
αk
(with x = R,A,≷) denote the free Green’s functions
of reservoir α without Vsc given by
gR/A
αk
(ω) =
1
ω − ǫαk1± iη , (A4)
g<
αk
(ω) = −fα(ω)(gR − gA)(ω) , (A5)
g>
αk
(ω) = (1 − fα(ω))(gR − gA)(ω) . (A6)
Since the d.o.s. of the reservoirs is unity we get∑
k
gR/A
αk
(ω) = ∓iπ1 , (A7)
∑
k
g<
αk
(ω) = 2πifα(ω)1 , (A8)
∑
k
g>
αk
(ω) = −2πi(1− fα(ω))1 . (A9)
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Using these properties together with
∑
α V
†
α
V
α
= 1 and
defining
G¯
x
(ω) =
∑
αα′
∑
kk′
V †
α
Gx
αk,α′k′
(ω)V
α′
, (A10)
with x = R,A,≷, we obtain from the Dyson equations
(A2) and (A3) after a straightforward calculation
G¯
A
= iπ1 + iπvsc G¯
A
, (A11)
G¯
<
(ω) = − iπvsc G¯<(ω)
+ 2πi
∑
α
fα(ω)V
†
α
V
α
(
1 + vsc G¯
A
)
, (A12)
G¯
>
(ω) = − iπvsc G¯>(ω)
− 2πi
∑
α
(1− fα(ω))V †α V α
(
1 + vsc G¯
A
)
. (A13)
Solving this set of matrix equations for G¯
≷
(ω) and in-
serting the solution in
Σ≷
res
(ω) = γ2 G¯
≷
(ω) , (A14)
we finally get the result (11-12) for the self-energies with
an effective hybridization matrix given by (47).
Appendix B: Equilibrium ground state of the fixed
point model
In section II D, we have argued why the dot repre-
sentation has the [3] fundamental representation while
the first state of the reservoir the complex conjugate of
this fundamental representation [3]. Representing both
sites by [3] (or, equivalently, by the complex conjugate of
this representation [3]), leads to a decomposition of the
Hilbert space of the composite system into a sextet and
a triplet. Accordingly, a SU(3)-symmetric Hamiltonian
in this representation has an either threefold or sixfold
degenerate ground state which is in contrast to the out-
come of our analysis. Choosing the complex conjugate
representation [3] for the reservoir site instead leads to a
Hilbert space that decomposes into an octet and a sin-
glet. A SU(3)-symmetric Hamiltonian in this represen-
tation yields two different eigenenergies of which one is
non-degenerate and the other eightfold degenerate.
We want to emphasize that this is fundamentally dif-
ferent to the situation in the corresponding SU(2) model.
Generally, the fundamental representation of the spin 12
[2] is equivalent to its complex conjugate, i.e. [2] = [2].
This is consistent with the observation that no anti-spin
1
2 exists. However, this a special property of the SU(2)
group that holds no longer for SU(N) with N > 2 and
we anticipate for an analog SU(N)-model a ground state
inspired by flavor-antiflavor pairs.
We consider the following set of basis states for the
composite system
|us〉 = |u〉 ⊗ |s〉 , (B1)
|ds〉 = |d〉 ⊗ |s〉 , (B2)
|du〉 = |d〉 ⊗ |u〉 , (B3)∣∣ud〉 = |u〉 ⊗ ∣∣d〉 , (B4)
|su〉 = |s〉 ⊗ |u〉 , (B5)∣∣sd〉 = |s〉 ⊗ ∣∣d〉 , (B6)
|uu〉 = |u〉 ⊗ |u〉 , (B7)∣∣dd〉 = |d〉 ⊗ ∣∣d〉 , (B8)
|ss〉 = |s〉 ⊗ |s〉 . (B9)
In a quark picture, these states are meaningful since they
are all eigenstates of the total charge operator
qˆtot = Qˆ+ qˆ , (B10)
where Qˆ = Fˆ3 +
1√
3
Fˆ8 and qˆ = fˆ3 +
1√
3
fˆ8 are defined as
usual in the quark model41, with an integer eigenvalue.
This is analog to the observation that no elementary par-
ticle with non-integer electrical charge exist in nature.
Let the effective Hamiltonian Veff (115) act on the
states (B1-B6), we find that |us〉, |ds〉, |du〉, ∣∣ud〉, |su〉
and
∣∣sd〉 are eigenstates with eigenvalue E8 = 16J . In-
stead, the remaining states (B7-B9) are no eigenstates
since
Veff |uu〉 = −J
3
|uu〉 − J
2
(∣∣dd〉+ |ss〉) , (B11)
Veff
∣∣dd〉 = −J
3
∣∣dd〉− J
2
(|uu〉+ |ss〉) , (B12)
Veff |ss〉 = −J
3
|ss〉 − J
2
(|uu〉+ ∣∣dd〉) . (B13)
Finding the remaining eigenstates is a trivial diagonal-
ization problem in the 3 × 3 subspace of |uu〉,
∣∣dd〉 and
|ss〉. The first two linear combinations
|1〉 = 1√
2
(|uu〉 − ∣∣dd〉) , (B14)
|2〉 = 1√
6
(|uu〉+ ∣∣dd〉− 2 |ss〉) , (B15)
with eigenvalue E8 complement the octet. Being orthog-
onal to |1〉 and |2〉, the singlet eigenstate is the ground
state (122) with eigenvalue Egs = − 43J . We note that
this set of eigenstates is the same as for pseudoscalar
mesons in the light quark model42.
Appendix C: Evaluation of golden rule rate
In this appendix we evaluate the golden rule rates (149)
and (139) for the special case U
V
= 1. We denote the
three states by the quark flavors, i.e. l = 1, 2, 3 ≡ u, d, s.
First, we evaluate the matrix elements ταα
′
ij from (150) by
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employing the algebra of the Gell-Mann matrices. Writ-
ing
ταα
′
ij = xαxα′ τ¯
αα′
ij , (C1)
we obtain for the non-vanishing matrix elements
τ¯αα
′
11 = τ¯
αα′
22 = 2J
2
1M
−
1,αα′ , (C2)
τ¯αα
′
12 = −τ¯αα
′
21 = 2iJ
2
1M
−
2,αα′ , (C3)
τ¯αα
′
44 = τ¯
αα′
55 = J
2
4M
++
3,αα′ , (C4)
τ¯αα
′
45 = −τ¯αα
′
54 = iJ
2
4M
+−
3,αα′ , (C5)
τ¯αα
′
66 = τ¯
αα′
77 = J
2
6M
−+
3,αα′ , (C6)
τ¯αα
′
67 = −τ¯αα
′
76 = iJ
2
6M
−−
3,αα′ , (C7)
τ¯αα
′
ij |i,j∈(3,8) = 2J3iJ3jM+1,αα′ + 2Ji8Jj8M4,αα′
+
2√
3
(J3iJj8 + Ji8J3j)M
+
2,αα′ , (C8)
where J33 = J3, J88 = J8, and
Mσ1,αα′ = qαqα′ + σpαpα′ , (C9)
Mσ2,αα′ = pαqα′ + σqαpα′ , (C10)
Mσσ
′
3,αα′ = (qα + σpα) q˜α′ + σ
′q˜α (qα′ + σpα′) , (C11)
M4,αα′ = 1 +
pαpα′ + qαqα′
3
− qα + qα′
3
, (C12)
with qα = 1 +
qα
3 and q˜α = 1 − 2qα3 . Introducing the
notation
χαα
′
1/3 =
π
2
(
ταα
′
11 ± ταα
′
33
)
, (C13)
χαα
′
2 = iπτ
αα′
12 , χ
α
s = xαq˜α , (C14)
χαu/d = 2πxα
[
J2+ (qα ± pαφz) + J2− (pα ± qαφz)
]
,
(C15)
with J2± =
1
2
(
J24 ± J26
)
and φz =
hz
h , we obtain by in-
serting (147) and (C1) in (149) after a straightforward
calculation
Γd→u =
∑
αα′
w(µα − µα′ − h) ·
·
[
χαα
′
1 − χαα
′
2 φz + χ
αα′
3 φ
2
z
]
, (C16)
Γu→d =
∑
αα′
w(µα − µα′ + h) ·
·
[
χαα
′
1 + χ
αα′
2 φz + χ
αα′
3 φ
2
z
]
, (C17)
Γs→u =
∑
αα′
w(µα − µα′ −∆− h
2
)χαuχ
α′
s , (C18)
Γu→s =
∑
αα′
w(µα − µα′ +∆+ h
2
)χαs χ
α′
u , (C19)
Γs→d =
∑
αα′
w(µα − µα′ −∆+ h
2
)χαdχ
α′
s , (C20)
Γd→s =
∑
αα′
w(µα − µα′ +∆− h
2
)χαs χ
α′
d . (C21)
In the following we consider the case of two reservoirs
in the strong nonequilibrium regime as defined in (152).
From the properties (52-54) and the results (C1-C8) for
ταα
′
ij , we obtain
Γd→u =
[
χLR1 − χLR2 φz + χLR3 φ2z
]
(V − h) + w(−h)
∑
α
[
χαα1 + χ
αα
3 φ
2
z
]
, (C22)
Γu→d = Γd→u + 2χLR2 φzV + h
(
χ1 + χ3φ
2
z
)
, (C23)
Γs→u = χLuχ
R
s
(
V −∆− h
2
)
+ w(−∆− h
2
)
∑
α
χαuχ
α
s , (C24)
Γu→s = Γs→u +
(
χLs χ
R
u − χLuχRs
)
V +
(
∆+
h
2
)
χuχs , (C25)
Γs→d = χLdχ
R
s
(
V −∆+ h
2
)
+ w(−∆+ h
2
)
∑
α
χαdχ
α
s , (C26)
Γd→s = Γs→d +
(
χLs χ
R
d − χLdχRs
)
V +
(
∆− h
2
)
χdχs . (C27)
where we have defined
χ1/3 =
∑
αα′
χαα
′
1/3 = π
[
J21 ± J23 ± J238
]
, (C28)
χu/d =
∑
α
χαu/d = 2π(J
2
+ ± J2−φz) , (C29)
χs =
∑
α
χαs = 1 , (C30)
and note that
χLR2 = −2πJ21xLpL , (C31)
χLs χ
R
u/d − χLu/dχRs = −2π
[
xLqL
(
J2+ ± J2−φz
)
+xLpL
(
J2− ± J2+φz
)]
. (C32)
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The stationary probability distribution pl follows from
inserting (C22-C27) in (138). Finally, we can compute
mF from (142).
We note that mF = 0 is equivalent to 〈Fˆ3〉 = 〈Fˆ8〉 = 0.
Therefore, we consider 〈Fˆ3〉 = 12 (pu − pd) and 〈Fˆ8〉 =
1
3 (pu + pd − 2ps) in the following and analyze under
which conditions both expectation values become zero
in the strong nonequilibrium regime. A cumbersome but
straightforward analysis yields
〈
Fˆ3
〉
=
1
2N
[F1(Γs→u + Γs→d)
+F2(Γs→u − Γs→d)] , (C33)
2√
3
〈
Fˆ8
〉
= − 1
3N
{F1 [2πJ2+ (h− 2xLpLφzV )
+4πJ2−(∆− xLqLV )φz + Γs→u − Γs→d
]
+F2 [2F2 + 2 (Γd→u + Γu→d) + Γs→u + Γs→d]} .
(C34)
Here, the factor N follows from the normalization condi-
tion (138). Furthermore, we have defined the following
functions in (hz, h⊥,∆)-space
F1 = −2χLR2 φzV − h
(
χ1 + χ3φ
2
z
)
− π [J2+ (h− 2xLpLφzV ) + 2J2− (∆− xLqLV )φz] ,
(C35)
F2 = π
[
2J2+ (∆− xLqLV ) + J2− (hz − 2plV )
]
(C36)
F1 = F2 = 0 fulfills the condition 〈Fˆ3〉 = 〈Fˆ8〉 = 0.
Moreover, it defines a curve in (hz, h⊥,∆)-space that pro-
vides us with a tool to measure the distance to the fixed
point model. F2 = 0 directly yields (153) and defines the
plane in (hz , h⊥,∆)-space where the curve lies in. The
shape of the curve follows from F1 = 0. To that end,
we insert (153) into (C35) and obtain (154). That is, we
project the curve onto the (hz, h⊥)-plane.
Finally, we prove (161). To this end, we decompose
(139) as
〈Iβ〉 =
∑
ll′
Γβl′→lpl′
= Iβ0 + I
β
3
〈
Fˆ3
〉
+ Iβ8
2√
3
〈
Fˆ8
〉
, (C37)
with
Iβ0 =
1
3
∑
ll′
Γβl′→l , (C38)
Iβ3 =
∑
l
(
Γβu→l − Γβd→l
)
, (C39)
Iβ8 =
1
2
∑
l
(
Γβu→l + Γ
β
d→l − 2Γβs→l
)
. (C40)
Evaluating (140) for two reservoirs in the strong nonequi-
librium regime (152), we can express (C38-C40) in terms
of τ¯αα
′
ij
IL0 =
π
3
xLxR
{[
2τ¯LR11 + τ¯
LR
33 + 2
(
τ¯LR44 + τ¯
LR
66
)
+ τ¯LR88
]
V
+ 2i
(
τ¯LR45 + τ¯
LR
67
)
∆+ i
(
2τ¯LR12 + τ¯
LR
45 − τ¯LR67
)
hz
}
, (C41)
IL3 = πxLxR
{[
2iτ¯LR12 +
2√
3
τ¯LR38 + τ¯
LR
44 − τ¯LR66 + i
(
τ¯LR45 − τ¯LR67
) ]
φzV
+
[
τ¯LR44 − τ¯LR66 + i
(
τ¯LR45 − τ¯LR67
) ]
φz∆
+
[
τ¯LR11 + τ¯
LR
33 +
(
τ¯LR11 − τ¯LR33
)
φ2z +
1
2
(
τ¯LR44 + τ¯
LR
66
)
+
i
2
(
τ¯LR45 + τ¯
LR
67
) ]
h
}
, (C42)
IL8 =
π
2
xLxR
{[
2τ¯LR11 + τ¯
LR
33 −
(
τ¯LR44 + τ¯
LR
66 + τ¯
LR
88
)
+ 3i
(
τ¯LR45 + τ¯
LR
67
) ]
V
+
[
3
(
τ¯LR44 + τ¯
LR
66
)− i (τ¯LR45 + τ¯LR67 ) ]∆
+
[
2iτ¯LR12 +
3
2
(
τ¯LR44 − τ¯LR66
)− i
2
(
τ¯LR45 − τ¯LR67
) ]
hz
}
. (C43)
If we consider mF = 0, the current I
β is completely equal to Iβ0 . Therefore, we can evaluate (C42) using (C2-C8) at
the fixed point and obtain (161).
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